Violation of Bell inequalities for beables is well-known to be possible because of what has become known as the "conspiracy" loophole, but this route to a beables model is properly discounted as implausible, essentially because it requires correlations between instrument settings and hidden beables. This paper identifies a further loophole, called here the "correlation" loophole, which is more plausible because it only requires correlations between hidden beables.
Introduction
I take it that the violation of Bell inequalities by experiment rules out any simple local beables model for the violation of Bell inequalities that is constructed using the resources of classical particle mechanics (although conceptually extravagant notions of backward causal propagation, for example, are not ruled out, and detector efficiency remains an issue), but I consider here the violation of Bell inequalities in local beables models that are constructed using the resources of classical statistical fields. Nonlocal correlations are always present in the context of classical statistical field theory, where they are generally not present in the classical mechanics of a small number of particles.
There are other reasons for thinking that a beables model for quantum theory must be nonlocal, particularly Hegerfeldt nonlocality [1] , and the Kochen-Specker paradox poses other difficulties [2] for a beables model for quantum theory, but Bell inequalities for beables do not provide a strong constraint on classical statistical fields as a basis for a beables model for the violation of Bell inequalities (which is of course less ambitious than a beables model for quantum theory).
Bell [3] shows from a definition of local causality alone that a beables model predicts two Bell inequalities for observable classical statistics associated with two space-like separated regions R 1 and R 2 , and that quantum theory does not satisfy the same inequalities (see figure 1) . The beables (a, λ), (b, µ), and (c, ν) are associated with the disjoint regions Past(R 1 )−Past(R 2 ), Past(R 2 ) − Past(R 1 ), and Past(R 1 ) ∩ Past(R 2 ), respectively. a, b, and c are instrument settings that are controllable by the experimenter, but λ, µ, and ν are hidden beables, neither observable nor controllable by the experimenter. Shimony, Horne, and Clauser [4] show, however, that if statistics over beables associated with R 1 ∪ R 2 are correlated with statistics over hidden beables ν associated with the intersection of the backward light cones of the two regions, Past(R 1 ) ∩ Past(R 2 ), then the beables model need not satisfy the Bell inequalities. Bell [7] admits this, but shows that statistics over hidden beables associated with Past(R 1 ) ∩ Past(R 2 ) have to be correlated with the instrument settings in R 1 and in R 2 , as well as being correlated with the results of the measurements. Arguing that such a requirement is unreasonable, Bell calls it a "conspiracy"; the implausibility of the "conspiracy" loophole will be accepted here. Bell's argument and Shimony, Horne, and Clauser's comments are brought together in a review article by d'Espagnat [5] , and Brans [6] gives an alternative, quite helpful discussion.
The fundamental definition in Bell's derivation of inequalities for beables is that for a locally causal theory, for beables X associated with R 1 , X ∩ a specification of all the beables in Past(R 1 ) ∩ Past(R 2 ), beables X p a specification of some beables in Past(R 1 ) − Past(R 2 ), and beables Y associated with R 2 , the conditional probability of X given X ∩ and X p is statistically independent of Y ,
This definition is applied a number of times in Bell's derivation of inequalities for beables. Shimony, Horne, and Clauser [4] , in contrast, weaken the definition of a locally causal theory, so that for X and Y as above, but for X P a specification of all the beables associated with Past(R 1 ), the conditional probability of X given X P is statistically independent of Y ,
The two definitions are the same if X p happens to be a specification of all the beables in Past(R 1 ) − Past(R 2 ). Equation (1) combines equation (2) , which is a more natural definition of local causality, with a principle that correlations only arise only because of common causes. Equation (2), however, is not strong enough to allow Bell inequalities to be derived. Some of the applications of equation (1) can be replaced by applications of equation (2), but some cannot. One of the latter applications constitutes a new loophole, for which hidden beables only have to be correlated with other hidden beables, and do not have to be correlated with instrument settings. I will argue here that this reduced requirement is plausible in a classical statistical field theory, and I will call it the "correlation" loophole.
Derivation of Bell inequalities for beables
Bell's mathematical argument is sufficiently brief to allow us to produce all of it here in the form given by d'Espagnat [5] . Footnotes 1 and 2 will indicate where there are loopholes, which will be addressed in the next section. Suppose that A and B are observed in regions R 1 and R 2 . In a beables model, A and B are functions of λ and µ respectively, at the time of measurement, but we do not completely know what the functions are, so λ and µ nonetheless have to be considered unobservable. Applying equation (1) or equation (2), the conditional probability density p(A|a, b, c, λ, µ, ν, B) is statistically independent of b, µ, and B in a locally causal theory, and similarly for the conditional probability density p(B|a, b, c, λ, µ, ν, A),
The mean of the product AB, given the instrument settings (a, b, c), is:
where the conditional probability density p(λ, µ, ν|a, b, c) for the hidden beables can be rewritten as
Applying equation (1), or, through an argument that is provided by Shimony, Horne, and Clauser [4] , and discussed in the next section, applying equation (2), we can derive
so the mean of the product AB, given instrument settings (a, b, c), is:
where A(a, c, ν) is the mean of A averaged over the hidden beables λ, given the instrument settings a and c and the hidden beables ν, and similarly for B(b, c, ν).
Suppose that A and B satisfy |A| ≤ 1 and |B| ≤ 1, so that |A(a, c, ν)| ≤ 1 and |B(b, c, ν)| ≤ 1. If we also suppose that
then we can derive, for distinct instrument settings a, a ′ , and
so that
In contrast, for two spin-half particles, we can derive the inequalities
but, if p(ν|a, b, c) = p(ν|c), p(λ|µ, ν, a, b, c) = p(λ|ν, a, c), or p(µ|ν, a, b, c) = p(µ|ν, b, c), we can only derive the inequalities
Bell argues as a result of the quantum inequalities that "the disagreement between locality and quantum mechanics is large -up to a factor of √ 2 in a certain sense. So some hand trembling can be tolerated without much change in the conclusion." In a certain classical sense, however, non-relativistic quantum mechanics is precisely half-way between the conditions for deriving Bell inequalities and the maximum violation, when equation (15) is satisfied as an equality. In any beables model that seeks correspondence with quantum theory for Bell inequalities there must be some "hand-trembling", which must be principled, so that it results in a constraint on initial conditions that does not allow the never-observed maximum violation. In a classical context, we should expect to be able to express the constraint as the result of an interaction with a background of fluctuations that cannot be shielded out. A strict formulation will not be attempted here, but this apparently rules out any beables model that does not include some kind of statistically nontrivial background.
The conspiracy and correlation loopholes
The "conspiracy" loophole suggested by equation (10), and also the loophole suggested by equation (8), are not plausible, since they require what we suppose are freely chosen instrument settings to be correlated with hidden beables. The "conspiracy" loophole requires that ν act as a common cause for the freely chosen instrument settings a and b -which are at time-like separation from ν, so the loophole is not causally unreasonable, but Bell's arguments against adopting it are relatively strong, and will not be disputed here. The loophole suggested by equation (8) is perhaps more implausible than the "conspiracy" loophole, since it asserts that the freely chosen instrument settings a are correlated with hidden beables on the opposite wing of the experimental apparatus, at space-like separation. In any case, Bell's argument against adopting the "conspiracy" loophole also applies to this loophole.
Recall that the "correlation" loophole is p(λ|µ, ν, a, b, c) = p(λ|ν, a, c).
Shimony, Horne, and Clauser [4] argue that "even though the space-time region in which λ is located extends to negative infinity in time, ν, a, c are all the beables other than λ itself in the backward light cone of this region, and µ and b do refer to beables with space-like separation from the λ region"
to justify deriving equations (7) and (8). This argument depends, however, on λ being associated with the whole of Past(R 1 ) − Past(R 2 ), so that λ, ν, a, and c are all the beables in the backward light-cone of Past(R 1 ) − Past(R 2 ).
Let us consider, therefore, the slightly less general class of beables models that satisfies equation (2) and for which also a probability distribution over instrument settings and hidden beables associated with a cross-section 3 of Past(R 1 ), Past(R 2 ), and Past(R 1 ) ∩ Past(R 2 ) at a time t, before the time t M of the measurements in R 1 and R 2 , p(a t , b t , c t , λ t , µ t , ν t ) , determines the equivalent probability distribution at later times. Such a beables model includes both deterministic and indeterministic models, and both reversible and irreversible dynamics, but does not generally satisfy equation (1) .
At the time t M , and for a time τ ∩ before the measurement, there are no instrument settings c t and hidden beables ν t . We can certainly construct a beables model for the violation of Bell inequalities at time t M , since we can use hidden beables that include descriptions of the macroscopic measurement pointers (or the electronic signals, ...) in an experiment that actually gives results for A and B that violate Bell inequalities. A and B have to take specific values in an experiment (or in a number of experiments) for us to be From the starting point of p(A|λ t M , a t M ) and p(B|µ t M , b t M ), all the steps of the derivation of Bell inequalities given in the previous section go through, except for equations (7), (8) and (10). Assuming that there are no significant correlations between instrument settings and hidden beables, so that equations (8) and (10) are satisfied, it must then be the case that
Exactly the same analysis carries through for beables at a time t M − ǫ, an instant before t M , starting from p(A|λ t M −ǫ , a t M −ǫ ) and p(B|µ t M −ǫ , b t M −ǫ ), so it must also be the case that
At times before t M − τ ∩ , the set of instrument settings c t and hidden beables ν t is nonempty and increases as t refers to earlier times, and presumably the inequality p(λ t |µ t , ν t , a t , b t , c t ) = p(λ t |ν t , a t , c t ) comes closer to equality. At earlier times, however, there is no requirement that the equality be violated by much, only that the totality of correlations be such that the dynamical evolution will result in the violation of Bell inequalities at the time of measurement, so the constraint on a beables model is insignificant.
Discussion
We have become used to describing the outcome of Bell violating experiments using a state in a complex 4-dimensional Hilbert space, in which many detailed degrees of freedom are integrated out. If we agree, however, that non-relativistic quantum mechanics is a reduction of quantum field theory, as we almost always do, such a state is a reduction of a quantum field state in an infinite-dimensional Hilbert space, which describes quantum field observables associated with the regions R 1 and R 2 . If Bell inequalities are violated by observables of a quantum field state, we would certainly attribute the violation to the experimenters' ingenuity in ensuring an appropriate initial quantum field state. For a quantum field state describing an experiment that violates Bell inequalities, the existence of nontrivial correlations between observables at large space-like separations is precisely what singles out such states as special. A quantum field state that describes correlations that violate Bell inequalities at the time of measurement describes correlations in the remote past different from those of the vacuum state, but, as for a beables model, differences from the vacuum states may be difficult to detect in the remote past. In quasi-probability terms, we have to set up a Wigner quasi-distribution over phase space in the past that evolves to a Wigner quasi-distribution at time t M that violates a Bell inequality in the regions R 1 and R 2 .
For an equilibrium state of a classical statistical field theory, correlations that violate the assumption of statistical independence at space-like separation decrease more-or-less exponentially fast with increasing distance, but non-trivial correlations at arbitrarily large distances are possible for nonequilibrium states. Indeed, absolutely any correlations are allowed in a nonequilibrium initial condition -initial conditions of low probability of course require greater free energy to set up, but we should not forget how difficult it is to construct an experiment that violates Bell inequalities. In a classical statistical field theory, we have to set up a probability distribution over phase space that evolves to a probability distribution over phase space at time t M that violates a Bell inequality in the regions R 1 and R 2 , but this is no greater "conspiracy" than is apparent in the full quantum field state for the experiment. Hence the violation of Bell inequalities does not provide a justification for preferring quantum theoretical description over classical theoretical description.
The kind of correlations we have discussed here commit us to very little. If we take an equally empiricist approach to classical statistical field theory as we take to quantum field theory, there just are correlations, which we don't have to assume are caused by common (or any other kind of) causes. Some correlations just are. This does not preclude asking whether we can construct a model that explains the correlations, but this can reasonably be a future enterprise. Classical physics has always taken initial conditions to be more-or-less explained by earlier initial conditions, with no final explanation being essential. Although of course an explanation of why initial conditions are the way they are may well be more helpful, a description of what the initial conditions are is a very helpful beginning.
At an abstract level, the significant change is in the difference between Bell's definition of a locally causal theory, which insists that correlations have to be the result of common causes, and Shimony, Horne, and Clauser's definition, which does not. At a more detailed level, however, the significant change from both Bell's account and Shimony, Horne, and Clauser's account is the type of correlations that are required, not that correlations are not required. There just have to be correlations between unobserved hidden beables; correlations between freely chosen instrument settings and hidden beables are not necessary.
To temper the localism of this article, repeating the caution given in the introduction, there are other reasons for thinking that a beables model for quantum theory must be nonlocal, particularly Hegerfeldt nonlocality, but Bell inequalities can be modelled adequately by beables. Furthermore, a beables model for quantum theory can only be an approximation -or perhaps we should say that quantum theory can only be an approximation to a beables model -because of the Kochen-Specker paradox and other consequences of representing observables by non-commuting operators.
